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Exercise 1. Consider the function

u(z) = !

(14 22)% log (2 + x2)

z €R,

1 1
where 0 < o < 1. Show that u € WHP(R) for all — < p < oo but that u ¢ LI(R) for all 0 < ¢ < —.
! a

Exercise 2. Let —0o < a < b < oo and AC([a,b]) be the set of absolutely continuous functions on
[a,b]. Recall that v € AC([a,b]) if and only if for all € > 0, there exists 6 > 0 such that, for all
a<a; <b <as<by<---<ay,<b, <b, we have

Solbi—ail <6 = > Julby) - ula;)] < e
1=1 =1

Show that Wb (Ja,b[) € AC([a,b]) C C°([a, b]).

Remarque 1. The first inclusion is actually an inequality, but this is harder to prove.

Exercise 3. 1. Let u € WY?(]0,1[) with 1 < p < oo. Show that if u(0) = 0, then z ulw) €

L*(]0,1[) and that .
[ o< (25) [ o

2. Conversely, assume that « € W?(]0,1]) ith 1 < p < oo and that x — ulw) € L?(]0,1[). Show that
x
u(0) = 0.

3. Let u(x) = l—i—lolg(i)' Check that u € W1(]0, 1[), u(0) = 0, but = ? ¢ Lo, 1[).

Exercise 4. Let Q2 C R? be an open subset. For all u € L1(2), we define the variation of u in Q by

V(u, ) = sup {/ u div(p)da : ¢ € Co(QRY), ]l () < 1} :
Q
The space of functions of bounded variation (BV functions) is defined by
BV(Q) =LY Q) Nn{u:V(u,Q) < co}.
1. Show that Wh(Q) C BV(Q).
2. Let
1 forall 0 <z <1
H(z) =
0 forall —1<x<0.
Show that H € BV(] — 1,1[) but that H ¢ WH1(] — 1,1]).
3. Let
™
in{— <
xsm(4 ) forall 0<z <1
0 forall —1<x<0.

Show that u € C°([—1,1]) but that u ¢ BV(] — 1,1]).

Remarque 2. This space can be used in an alternative construction of a solution of the problem of
Plateau (it is particularly suitable in higher dimension).



